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J. S. Oliveira Filho 1,2 ’E| and Pablo L. Saldanlia 1 : [D 

1 Departamento de Fisica, Universidade Federal de Minas Gerais, 30161-970 Belo Horizonte-MG, Brazil 
2 Universidade Federal do Reconcavo da Bahia, 45300-000 Amargosa-BA , Brazil 
(Dated: November 18, 2015) 

By using perturbation theory, we show that a hydrogen atom with magnetic moment due to the 
orbital angular momentum of the electron has “hidden momentum” in the presence of an external 
electric field. This means that the atomic electronic cloud has a nonzero linear momentum in its 
center-of-mass rest frame due to a relativistic effect. This is completely analogous to the hidden 
momentum that a classical current loop has in the presence of an external electric field. We discuss 
that this effect is essential for the validity of the Lorentz force law in quantum systems. We also 
connect our results to the long-standing Abraham-Minkowski debate about the momentum of light 
in material media. 
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I. INTRODUCTION 

The Lorentz force is one of the fundamental laws of 
Nature, describing how electromagnetic fields exert force 
in electric charges. In a recent work, Mansuripur has pre¬ 
sented a paradox that seemed to imply that the Lorentz 
force is incompatible with special relativity and momen¬ 
tum conservation [T]. He showed that the torque caused 
by the Lorentz force on a magnetic dipole in the presence 
of an electric held was zero in the rest frame of the dipole, 
but different from zero in other frames. Such an attack 
to the foundations of the electromagnetic theory obvi¬ 
ously called the attention of the scientific community 0 . 
However, the paradox is solved when the “hidden mo¬ 
mentum” of the magnetic dipole is taken into account 
0CZ|. Hidden momentum is a relativistic effect that may 
lead a magnetic dipole to carry linear momentum in the 
presence of an electric held even if it is not moving. In 
the situation described in Mansuripur paradox, there is 
a “hidden angular momentum” whose time derivative is 
equal to the torque in each reference frame, so there is 
no angular acceleration of the dipole and the physical de¬ 
scription of the system in the different frames are equiv¬ 
alent 0. One important lesson derived from Mansuripur 
paradox is that the validity of the Lorentz force law is 
thus conditioned to the existence of hidden momentum. 

Hidden momentum was discovered almost 50 years ago 
003, but so far there were only classical models for it 0- 
ngj . In all these models the dipole magnetic moment is 
the result of classical electric currents. Since the validity 
of the Lorentz force law is conditioned to the existence 
of hidden momentum, it is thus legitimate to question if 
the Lorentz force law is valid in quantum systems such as 
atoms, since the atomic magnetic moments are not the 
result of classical currents. In order to solve this question, 
we use perturbation theory to investigate if a hydrogen 
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atom with magnetic moment due to the orbital angular 
momentum of the electron in the presence of an external 
electric field has hidden momentum. We compute the 
system hidden momentum using two different methods, 
attesting its existence and the consequent validity of the 
Lorentz force law in quantum systems. We also discuss 
how this result influences the long-standing Abraham- 
Minkowski debate about the momentum of light in ma¬ 
terial media fTiJ . 


II. CLASSICAL HIDDEN MOMENTUM 

Before doing our quantum calculations, let us present a 
brief description of the hidden momentum concept based 
on a simple classical example :9j HI f!5] - Consider a 
rectangular closed circuit carrying a stationary electric 
current generated by a bundle of non-interacting posi¬ 
tive charges as depicted in the Fig. [T| The circuit dipole 
magnetic moment is fi = —/iz. When the circuit is in a 
region with a uniform electric field E = Ex, the particles 
on the left (right) segment of the circuit will be acceler¬ 
ated (decelerated) by this field, as shown in the figure. 
There are more charges moving to the left, but they have 
a smaller velocity in relation to the particles that move 
to the right, so if we consider that the momentum of each 
particle is tfv, where M is the particle mass and v its 
velocity, the total momentum of the particles is zero. But 
if we consider that the momentum of each particle has 
the relativistic value yMv, with 7 = l/-^/l — v 2 /c 2 and 
c being the speed of light in vacuum, this results in a 
total relativistic momentum in the — y direction for the 
particles given by /i x E/c 2 0 UU US- Since the dipole 
is not moving, this momentum received the name “hid¬ 
den momentum” 0 . This hidden momentum is counter¬ 
balanced by the electromagnetic momentum that results 
from the integral of the electromagnetic momentum den¬ 
sity eoE x B in the whole space, where B is the magnetic 
field generated by the dipole and £0 is the vacuum permit¬ 
tivity, so the system total momentum is zero pH HU OS]. 
Several models for magnetic dipoles resulting from clas- 
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FIG. 1: A rectangular closed circuit carrying a stationary 
electric current I in the presence of a constant and uniform 
external electric field E = Bx has hidden momentum. V t 
(Vb) is the velocity of the particles in the top (bottom) seg¬ 
ment. 


FIG. 2: The electronic cloud of a hydrogen atom initially 
in the unperturbed state |has hidden momentum in 
the presence of a perturbation electric field E = Ex. The 
plot represents the surface with constant \ip\ 2 , where ip is the 
wave function for this unperturbed state. 


sical electric currents predict the existence of hidden mo¬ 
mentum Ml- For example, one might prefer to treat 
the electric current not as a gas of charged particles, but 
rather as a charged incompressible fluid. In this case the 
hidden momentum results from a relativistic effect that 
comes from the difference in pressure between the top 
and the bottom segments of the circuit [T2[ [15]. 

There may also be hidden momentum in objects with 
nonzero electric and magnetic dipole moments even with¬ 
out an external field mus]. The general expression for 
hidden momentum in classical systems with static fields 
can be written as 

Phid = -^ J <S>Jd 3 r, ( 1 ) 

where *!> represents the electric potential ($ = — Ex in 
the example of Fig. 1), J is the system current density 
and the volume integral is performed in the whole space 

HIES!. 


III. HIDDEN MOMENTUM IN A HYDROGEN 
ATOM 

Now let us proceed to the quantum calculations. In our 
model for the hydrogen atom, the proton has an infinite 
mass and is fixed at the origin. The total Hamiltonian of 
the system formed by the hydrogen atom in the presence 
of an uniform electric field E = fix can be written as 

v 2 

H = Hq + H , with Hq = - eV (r) and H = eEx, 

2 m e 

( 2 ) 

where p is the non-relativistic linear momentum opera¬ 
tor for the electron, m e its mass, —e its charge, and V (r) 


is the proton Coulomb potential. H 0 represents the un¬ 
perturbed Hamiltonian and H' is the perturbation term. 
We will disregard the electron spin in our treatment. 

Consider the system initially in the unperturbed state 
| m ), where n, l, and m represent the principal quan¬ 
tum number, the orbital angular momentum quantum 
number, and the z component of the orbital angular mo¬ 
mentum in units of H , respectively. For example, in the 
Fig. [ 2 ] we have the plot of the surface with constant l^j 2 , 
where ip is the wave function for the state i)- Since 
this state has magnetic moment in the —z direction, we 
expect that the atom should carry hidden momentum in 
the —y direction when there is an external electric field 
in the x direction filling all space, in analogy to the clas¬ 
sical case. When this external electric field is present, 
the system state at time t = 0 can be written as 

\i>n,l,m) « 1 1pnl m )+ S C n',V ,m> ,m> ) > ( 3 ) 

n'^n l' m' 

where | ipn^i 1 m>) are eigenstates of the unperturbed 
Hamiltonian and are small coefficients deter¬ 

mined by perturbation theory 1201122) . In the Appendix 
we perform the explicit calculations for the state |^ 2 ,i,i) 
using degenerate perturbation theory, justifying the form 
of Eq. (|3| at a particular instant of time, chosen to be 
t = 0. In the following, we calculate the hidden momen¬ 
tum for different states of the form of Eq. ([3| using two 
distinct methods. In the first one, we compute the ex¬ 
pectation value of the relativistic momentum operator in 
the rest frame of the electronic cloud center-of-mass. In 
the second method, we use the quantum analogue of Eq. 
(|T|) transforming J and $ into operators. By showing 
that the two methods provide close non-zero results for 
the hidden momentum of different quantum states, we 
prove its existence in this quantum system. We attribute 
























3 


the small differences between the values obtained by the 
two methods to the inaccuracy of the perturbation the¬ 
ory method [2jSj. We consider the time t = 0 in all our 
calculations. 

The state © is not an eigenstate of the Hamiltonian 
([2]), so the expectation values of many operators change 
in time. For instance, in the Appendix we show that for 
the state \ip 2 , 1 , 1 ) the electronic cloud center-of-mass oscil¬ 
lates around the nucleus. The system hidden momentum 
is equal to the relativistic linear momentum when the 
classical linear momentum is null. For this reason, it is 
much easier to perform the calculations in the rest frame 
of the electronic cloud center-of-mass S'. But the nonrel- 
ativistic momentum operator p is defined in the proton 
rest frame S, where the electronic cloud center-of-mass 
has a (non-relativistic) velocity in the y direction given 
by {4>n,i,m\p\ipn,i,m) / m e = v c y. The x and z components 
of this velocity were zero for all the quantum states we 
tested. Transforming the corresponding relativistic oper¬ 
ator P = yp (with 7 = [1 — p 2 /(m 2 c 2 )] -1 / 2 ) from refer¬ 
ence S to S', the y component is P y ~ 7 p y — 7 TO e i> c for 
v c <C c. Thus, considering only the terms up to second 
order in p in the series expansion of 7 , we obtain the y 
component of the hidden momentum 

Phil = (VW,™| (P V ~ rn e v c ) p 2 |Vw,m) , ( 4 ) 


In order to provide a physical interpretation of Eq. 
([ 5 ]), it is convenient to rewrite it as a sum of two distinct 
terms 


p'(2) _ p/(2a) p'(2b) 

r hicL ~ r hid "r" r hid > 


( 6 ) 


with 


p/(2a) 

r hid 


eE 
m e c 2 


|*£.Py| VVi,Z,ra) 


"f. (7) 

c z 


and 


p/(2b) 

r hid 


e 

87TC0 c 2 




where pb = eh/2m e is the Bohr magneton. Considering 
terms up to the first order in E , P^f* from Eq. ([ 7 J) is 
exact and we can associate it to p x E/c 2 , since the mag¬ 
netic moment of the unperturbed state is fi = —mpB%- 
P'hid' 1 related to fact that the perturbed hydrogen atom 
has nonzero electric and magnetic dipole moments, which 
causes a second contribution to the system hidden mo¬ 
mentum. 

Both methods for computing the system hidden mo¬ 
mentum should be valid, so we expect to have P'^J = 

P'hid- According to Eqs. (Q, (jijj), |t|, and |i| this equal¬ 
ity can be written as 


where the superscript “(1)” was used to label the hidden 
momentum calculated from the expected value of the rel¬ 
ativistic linear momentum operator. The x and z com¬ 
ponents of the hidden momentum computed with this 
method were zero for all the quantum states we tested. 
In the following we use the superscript “(2)” to label the 
hidden momentum calculated by the second method. 

In our second method for computing the hidden mo¬ 
mentum, we use the quantum analogue of Eq. ([I]). The 
current density J can be written as J = pv = pp/M, 
where p is a charge density, v is the velocity of this por¬ 
tion of charge, p its non-relativistic momentum and M its 
mass. The charge density of the electronic cloud, on the 
other hand, can be associated to — e|V’n,i,m( r )| 2 J where 
ip n ,l,m(. r ) = (r|i l>n,i,m) is the electron wavefunction. So 
the quantum analogue of Eq. Q for the y component 
of the hidden momentum is an expectation value of the 
form 


p'( 2 ) 

- — 


2 m e c 2 


r 0 [®'p'y+Py®'] ^n,l,m{r')d 3 r'. 


(5) 

Again, the x and 2 components of the hidden momentum 
computed with this method were zero for all the quantum 
states we tested. The above parameters and operators 
are in the reference frame S ', corresponding to the atomic 
cloud center-of-mass rest frame. Since the velocity v c y 
of this frame in relation to the reference frame S that 
correspond to the proton rest frame is non-relativistic, we 
can consider the transformations r' ss r, d 3 r' ss d 3 r, $' ss 
$ = e/(47re 0 r) - Ex, p' y ss p y - m e v c = -ihd/dy - m e v c . 


tV0 ) p'( 2£>) 

r hid r hid 

PbE/c 2 


(9) 


In order to check this claim, we computed numerically the 
values of (Pf^J — P'^^)c 2 /(psE) for various quantum 
states. When computing the perturbed states, we consid¬ 
ered their decomposition on the unperturbed states with 
n' up to 20 in Eq. In the Fig. 3 we plot the values 
for this quantity for different quantum states with the 
quantum number m varying from -5 to 5. The blue line 
is the prediction from Eq. ©. It can be seen that there is 
a good agreement between the hidden momentum values 
obtained with the two methods. We attribute the small 
differences to the inaccuracy of the perturbation theory 
method in determining the perturbed wavefunctions |22| . 

Now we consider the hydrogen atom in the state 
IV’ 3 , 1 ,- 1 ) i n the presence of an external electric field given 
by E = E (x cos 0 + zsin0). In this situation we have 
P'hif 1 = pbE/c 2 cos(0) up to the first order in E, which 
again can be associated to pt, x E/c 2 . The x and z com¬ 
ponents of the hidden momentum are zero. In the Fig. 4 
the red dots represent the numerical values obtained for 
{P'hid — E'hid^c 2 /(pbE) for different angles 9 and the 
blue curve corresponds the expected expression cos (9). 
Again, there is a good agreement. 

The results expressed in the graphs of Figs. 3 and 4 at¬ 
test to the existence of hidden momentum in the system, 
as required to guarantee the validity of the Lorentz force 
law in the quantum limit. This means that the equations 
for the force and torque on a quantum magnetic dipole 
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p ,(l) _ p ,( 26 ) 
r hid r hid 

UbE/c 2 



mi 


FIG. 3: The blue straight line is y = —mi and the 
red dots represent the values of {Phil — Phut‘S ° 2 / [xbE 
for the following quantum states \i/Jn,i,m)- {n,l,m} = 

{13,12,-5}, {11, 7,-4}, {6, 5,-3}, {12,8,-2} , {3,1,-1}, 
{1,0,0}, {2,1,1}, {9,2,2}, {8,4,3}, {5,4,4}, {7,6,5}. 


FIG. 4: The blue line is y = cos 9 and the red dots rep¬ 
resent the values of (p^J ~ P'hid^c 2 / ^bE for the quan¬ 
tum state 1^3,1, —i) perturbed by an electric field E = 
E (x cos 9 + z sin 9) for different values of 9. 

with dipole moment fi due to the orbital angular momen¬ 
tum of quantum particles has the same form as the force 
and torque on a classical magnetic dipole with the same 
magnetic dipole moment fi. 

It is important to make it clear that so far we have 
taken into account only the electron orbital angular mo¬ 
mentum, disregarding the electron spin, to compute the 
atom magnetic moment and the hidden momentum in 
the system. But does an electron with magnetic moment 
resulting from its spin in the presence of an applied elec¬ 
tric field have hidden momentum? We cannot answer 
this question using the method we have used so far, since 
there is no physical model for the origin of spin in terms of 
the movement of constituent parts of the electron. Even 


if we treat the problem using quantum field theory the 
question cannot be solved, since the electron is a funda¬ 
mental particle with no constituent parts, so we cannot 
deduce if it has or if it has not hidden momentum in the 
presence of an external field. We then have two options: 
we can postulate that there is hidden momentum for spin 
or we can postulate that there is no hidden momentum 
for spin. The problem on postulating the non-existence 
of hidden momentum for spin is that, in order to avoid 
paradoxes, we would need two force equations in this 
case: one to the part of the magnetic moment that is 
due to spin and another (the Lorentz force) to the part 
of the magnetic moment that is due to the orbital angu¬ 
lar momentum of the electron. This would be a weird 
choice, but the present work cannot deny this possibility. 
A much simpler alternative is to postulate the existence 
of hidden momentum for spin in the presence of an ex¬ 
ternal electric field. In this way the Lorentz force law 
should be valid in generic quantum systems. 


IV. ABRAHAM-MINKOWSKI DEBATE 

The hidden momentum concept is related to a long¬ 
standing discussion, known as the Abraham-Minkowski 
debate, about the expression for the momentum density 
of electromagnetic waves in material media m In the 
Abraham (Minkowski) formulation, this momentum den¬ 
sity assumes the form ExH/c 2 (D x B), where E is the 
electric field, B is the magnetic field, D = e 0 E + P is the 
electric displacement, and H = B//x 0 — M, with P and M 
being the polarization and magnetization of the medium. 
The eventual conclusion of this debate is that there are 
several ways for dividing the total energy-momentum 
tensor of the system in two parts, the electromagnetic 
and the material ones, which lead to the same experi¬ 
mental predictions for all measurable physical quantities 
mm ■ In this sense both Abraham and Minkowski for¬ 
mulations are incomplete, since they consider only the 
electromagnetic energy-momentum tensor, disregarding 
the material energy-momentum tensor. When the appro¬ 
priate material tensors are taken into account for each 
formulation, the experimental predictions are the same 
mm- In a recent work, Barnett has shown that we can 
associate the Abraham and Minkowski momenta with the 
kinetic and canonical momenta of light, respectively (23l 
(see also El]). It was also recently shown by one of us 
that when the Lorentz force is used to compute the mo¬ 
mentum transfer from the electromagnetic wave to the 
material medium, the electromagnetic part of the mo¬ 
mentum density must be eoE x B in order to obtain mo¬ 
mentum conservation in several situations [25( 126| . In 
nonmagnetic media, epE x B is equal to the Abraham 
momentum. But in magnetized media there is a hidden 
momentum density M x E/c 2 , compatible with the use 
of the Lorentz force law, which is not associated to the 
motion of the material constituents, thus not being a ki¬ 
netic momentum. When we consider only the material 
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kinetic momentum, M x E/c 2 must be considered as part 
of the electromagnetic momentum density, that becomes 
e 0 E x B + M x E/c 2 = E x H/c 2 , which is the Abra¬ 
ham momentum. So the existence of hidden momentum 
in the medium and the use of the Lorentz force law are 
consistent with the association of the Abraham momen¬ 
tum to the kinetic momentum of light, and consequently 
also to the association of the Minkowski momentum to 
the canonical momentum of light. 


V. CONCLUSION 

In this work we used perturbation theory to compute 
the hidden momentum of a hydrogen atom in the pres¬ 
ence of an external electric field when the magnetic dipole 
moment is due to the orbital angular momentum of the 
electron. We used two different methods for computing 
this quantity and obtained the same results, evidencing 
the existence of hidden momentum in the system and the 
consequent validity of the Lorentz force law in quantum 
systems. This fact makes eoE x B a valuable expression 
for the electromagnetic momentum of light in a medium, 
since it is compatible with the use of the Lorentz force 
law in computing the momentum transfer from light to 
the material medium. 


and their respective eigenvalues are = —Sa^eE, 

E^J = 3aoeE, E^J = 0 and E^J = 0, where ao is the 
Bohr radius. Since we have |v4q,i) = il r /i°^) + \\V^) + 
^||r? 3 °^), the perturbed state \ip 2 ,i,i(t)) at time t is 


1^2,1,i(*)} ~ d [\v[ 0) ) + \Vi’) 

1 r 


„(i)\ 


3ia,QeEt/h 


(A.5) 


+o l^ 2 0) ) + l^ 1) ) e~ 3ia ° eEt / h -i — \nf>) + \r,P) 


2 L 


V 2 L 


where the global phase e lE = ' >t / h was omitted and the 
first order correction terms are 


rc/^2 l' m' 




E ( 2 0) - 

z n 


I rZ'm')- (A.6) 


With the state (t)) from Eq. (A.5), we compute 
the expected value of the y component of the electron 
position (without the first order correction terms from 
Eq. M): 


(y)(t) 


— 3ao sin 


3aoeEt 

h 


(A.7) 
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Appendix: 

In this appendix we use first order degenerate pertur¬ 
bation theory to compute the perturbed state |^ 2 ,i,i(i)) 
with the Hamiltonian ([2]). Since we are not considering 
the fine and hyperfine structure of hydrogen, the unper¬ 
turbed states \4% 0 ), |V4°i _i), \4°l,o) and \^ 2 .i,i) have 

the same energy E ^, such that degenerate perturbation 
theory must be used [21)1 - 5?] . The normalized eigenvec¬ 
tors obtained by diagonalizing the operator H' in the 
subspace spanned by these unperturbed states are 


I^ 0) ) 

1 

~ 2 

-V^l^o.o) - lv4°i,-l> + l^ 2 °i,l) 

, (At) 

\V2 ] ) 

II 

tO 1 H 

V^I^Ao) - l^2°i,-l) + IV4°i,l) 

, (A.2) 


\vi 0) ) = ^ lV 7 2 U,—i ) + iv4°i,i> . 

(A.3) 



\V4 ] ) = IV4°L,0>i 

(A.4) 


We see that the electronic cloud center-of-mass oscillates 
around the nucleus. Performing a numerical calculation 
with the perturbed state considering correction terms up 
to n! = 20 in Eq. (A.6), we obtain the expectation value 


of the y component of the electron momentum: 


(PyW) » -8.25 


aZeEm e 


cos 


3aoeEt 


h 


(A.8) 


We can see that m e d< ' v ^ ~ 1.09 {p y )(t). This difference 
between the values can be attributed to the inaccuracy 
of the perturbation theory method, which is not very 
precise for determining the perturbed states m- 


At time t = 0, the perturbed state of Eq. (A.51 can be 
written as 


1 ^2, l,l) 




' S Cn',l',m> |(A-9) 


n'^2 l' 


with 


r _ (V’iq;', m 'l^ / |V’ 2 ,i,i), ;< (o) . 

— yyy, Wn',V ,m'r 


i,(0) 


E ( 2 0) - E, 


( 0 ) 


(A.10) 


Note that if we are interested on the perturbed state at 
time t = 0, a diagonalization of the perturbation term H' 
is not necessary. This is also true for the other perturbed 
states that we consider. For this reason in our work we 
use the expression § for the perturbed states to compute 
the system hidden momentum at time t = 0. 
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